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We compute the physical properties of non-Abelian Fractional Quantum Hall (FQH) states de- 
scribed by Jack polynomials at general filling v — For r = 2, these states are identical to the Zk 
Read-Rezayi parafermions, whereas for r > 2 they represent new FQH states. The r = k + 1 states, 
multiplied by a Vandermonde determinant, are a non-Abelian alternative construction of states at 
fermionic filling 2/5,3/7,4/9.... We obtain the thermal Hall coefficient, the quantum dimensions, 
the electron scaling exponent, and show that the non-Abelian quasihole has a well-defined propaga- 
tor falling off with the distance. The clustering properties of the Jack polynomials, provide a strong 
indication that the states with r > 2 can be obtained as correlators of fields of non-unitary conformal 
field theories, but the CFT-FQH connection fails when invoked to compute physical properties such 
as thermal Hall coefficient or, more importantly, the quasihole propagator. The quasihole wavefun- 
tion, when written as a coherent state representation of Jack polynomials, has an identical structure 
for all non-Abelian states at filling v — K 

PACS numbers: 73.43.f, 11.25.Hf 



The proposals for non-Abelian FQH spin-polarized 
states have so far been largely confined to the Read- 
Rezayi sequence Q , which expresses the bulk trial wave- 
functions as correlators of fields of the Zj~ parafermion 
conformal field theories [2]. The properties of these 
states, such as the dimension of the Hilbert space of 
quasihole excitations and the braiding properties, are ob- 
tained by using complicated CFT machinery [3, Q . In 0] 
we have obtained the Read-Rezayi wavefunctions with- 
out appealing to CFT: we showed that they are iden- 
tical to a series of polynomials known in mathematics 
as Jack polynomials (Jacks). The Jacks also provide for 
an infinite series of non-Abelian FQH states beyond the 
Read-Rezayi sequence. These states (we find) are re- 
lated to non-unitary CFTs, which some authors argue 
can never describe physical FQH states [5[. However, as 
trial wavefunctions, they seem essentially similar to the 
states related to unitary CFTs, so we see no reason at 
this time to reject them a priori. Some of these states 
could provide for alternative non-Abelian constructions 
of trial wavefunctions at the experimentally important 
fillings of 2/5,3/7,4/9.... In fact, exact diagonalization 
and overlap finite-size studies show that some of these 
states are competitive with the Abelian Jain states at 
the same fillings jfj. We now understand this competi- 
tiveness analytically Q, as the non-Abelian state at, for 
example, v = | is remarkably close to the Jain state 
at the same filling for small number of electrons. 

This paper is devoted to computing the physical prop- 
erties of the FQH states introduced in [4|]. The Jacks 
describe not only the uniform ground-state but also all 
droplet states swelled by the introduction of quasiholes, 
and hence describe the full family of gapless edge states of 
the droplet. We analytically compute the thermal Hall 
(Leduc-Reghi) coefficient c, and, numerically, the elec- 



tron propagator exponent g e . We give analytic expres- 
sions for the dimension of the quasihole subspace. We 
derive an expression for the fractionalized pinned quasi- 
hole wavefunction which puts all FQH states on the same 
footing. We provide strong evidence that the Jacks can 
be related to the correlation functions of Wk(k + 1, fc + r) 
CFTs, as was initially conjectured in @. The CFT-FQH 
correspondence breaks down when calculating the quasi- 
hole propagator g q h on the edge: for the r > 2 Jacks, the 
CFTs are non-unitary and would predict a negative ex- 
ponent. These predictions are based, at their core, on an 
unproven postulate: that properties computed using the 
CFT machinery, most importantly, the CFT scalar prod- 
uct, are identical to properties computed using the quan- 
tum mechanical scalar product in two space dimensions. 
We show that this postulate, conjectured to be valid for 
unitary CFTs, must break down for non-unitary CFTs: 
although we could not compute the exact value of the 
non-Abelian quasihole propagator exponent, we present 
numerical proof that it is a well defined positive number. 

Jacks J\(z) are symmetric polynomials in z = 
{zi, Z2, • • • , zn}: labeled by a partition A with length 
t\ < N, and a parameter a; A can be repre- 
sented as a (bosonic) occupation-number configura- 
tion n(A) = {n m (A),m = 0,1,2,...} of each of 
the lowest Landau level (LLL) orbitals (j)m(z) = 



J /4) with angular momentum 



(27rm!2 m )- 1 / 2 z m exp(- 
L z = mh (see FigpQ), where, for m > 0, n m (A) is the 
multiplicity of m in A. When a — > oo, J™ — > m\, which 
is the monomial wavefunction of the free boson state with 
occupation- number configuration n(A); a key property of 
the Jack J" is that its expansion in terms of monomi- 
als only contains terms ra M where /i < A, where /i < A 
means the partition /i is dominated by A[9[. The "dom- 
inance rule" is identical with the "squeezing rule" [Toj 
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that connects configurations n(A) — > n(/i): "squeezing" 
is a two-particle operation that moves a particle from 
orbital mi to m[ and another from to m' 2l where 
mi < m[ < m' 2 < m2, and mi -\-rri2 = m^ -frn^; A > /x if 
n(/i) can be derived from n(A) by a sequence of "squeez- 
ings" . Jacks of N particles are also eigenstates of a set of 
TV self-commuting operators, including the angular mo- 
mentum and the Laplace-Beltrami operator 7Ylb (ck) @ • 

The Fock space of our FQH states is spanned by Jacks 
uniquely described by two integers (fc,r), not necessarily 
relatively prime. These integers provide the filling factor 
v = ^, the Jack polynomial parameter a(fc,r) = —7^, 
the root partition (orbital occupation number) for the 
ground state /cO r_1 /cO r_1 .../cO r_1 /c, and the physical re- 
quirement that the Jack polynomial defined in this way 
vanishes when k + 1 particles come together as the r'th 
power of the difference between their coordinates. The 
root partition is reminiscent of the orbital density-wave 
exhibited by the thin-torus limit (the non-interacting 
Tao-Thouless states but in fact, has little to do with 
these states, as the Jacks represent the faithful many- 
body interacting wavefunctions. The Read-Rezayi se- 
quence is r = 2, the Laughlin v = £ states are k = 1 
and the infinite remaining series of FQH states is, with 
several exceptions, new. In Q [l2[ we have showed that 
each FQH Fock space (groundstate and quasihole wave- 
functions) is uniquely defined by a generalized Pauli prin- 
ciple that does not allow more than k particles to be 
placed in r consecutive angular momentum orbit als. In 
partition language, this means that the Fock space is 
spanned by Jack polynomials of (fc,r) admissible parti- 
tions A [8[: Xi — \i+k > v. To count the number of 
FQH states (unpinned quasiholes) of N particles, at n$ 
fluxes added above the ground state, with angular mo- 
mentum l z , we have to count the number of partitions of 
N parts A = (Ai, X N ), with A x < N$> = ^(7V-A:)+n$, 
with YliLi = lz + satisfying the Pauli principle 

Ai — Ai + fe > r. The weight J2f=i ^ equals the homoge- 
neous dimension of the polynomial. Since expressions 
for the number of partitions satisfying these properties 
have been obtained in the theory of jagged partitions, 
the counting of the quasihole states becomes a simple 
matter. In the r = 2 case, this becomes identical to the 
formulas obtained using CFT methods in [3[. Using this 
counting, we now obtain the values of the thermal Hall 
coefficient in the cases (fc,2), (fc,3) and (2,r). 

In FQH states, the thermal Hall coefficient is iden- 
tical to the edge specific heat, which can be obtained 
by computing the entropy of the edge states. In the 
high-temperature expansion (3/L « 1, Cardy [l3[ 
showed that for a CFT, the partition function scales 
as exp(^|^c) with c a rational number related to the 
central charge of the CFT. We assume a circular FQH 
gapless edge of length L and create particle-hole exci- 
tations of energy vp(k — kp) = ^jf-(p — Dp) where 



D — Dp = D — J^N(N — k) is the angular momentum 
l z of the edge excitation and vp is a non-universal Fermi 
velocity whose value depends on the details of the edge 

(k r) 

potential. The number of these excitations at 
each l z , is given by the number of all (fc,r) admissible 
partitions N of weight $^ i=1 Xi = D, with no restriction 
on Ai. For the case of parafermions - (fc,r) = (fc,2) - , 
this number is easily derived in Andrews' book [14[ on the 
theory of partitions in terms of the generating function 
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where (q) m = YilLii^ - Q 1 )- The number of (fc, 2) Jacks of 
N particles with total homogeneous dimension D is then 
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(fc,2) 
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The partition func- 



(N,D) ~ N\D\ dz N dq D P^ Z ^ k«=0" 

tion of the edge excitations in the canonical enssamble 
is then Z = S - =0# J 2 ) )) exp(-^(D - D F )) with 
(3 = 1/T. In the thermodynamic limit N — » 00, a U(l) 
decoupling occurs: 



Z(T) 



(9)= 



E 



(?)ni-Wn fe _i ' 



e — (2) 



where n T = (m, ...n/e_i), and the symmetric matrix B 
reads B^ = \i{k — j) for i < j. Several other terms, all 
linear in n, usually appear in the numerator of the sum- 
mand, but they are irrelevant for the asymptotic scal- 
ing with temperature and we disregard them. The edge 
partition function has decoupled in a product of two fac- 
tors (this occurs for all the (fc,r) states studied here): 

we recognize the ^y^- as the abelian U(l) part of the 

excitation spectrum (with ^ representing the infinite, 
ground-state contribution). This gives a specific heat 
c = 1, which adds to the non- Abelian part. The latter 
can be obtained from our partition function by saddle- 
point evaluation of its asymptotic form, closely following 
Nahm et. ai [15] and Richmond and Szekeres [16| : 
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where C = Y^=i ^ + \ m (^) m (l — z ) is the Rogers 
dilogarithm function, and the di are the solutions of the 
system of equations above. For the (fc,r) = (fc,2) case, 
from the second part of Eq.(|3]), we find that the d^s sat- 
isfy the recursion equations of Chebyshev's polynomials 
of the second kind, which in turn fixes them to be the 
first column of the modular ^-matrix (the quantum di- 
mensions) of the SU(2)k WZW model: 



d i — 1 = di-idi+i] do = dk = 1; di 
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An almost identical result was obtained by Nahm and 
collaborators [15] starting from the CFT character for- 
mulas, but in their case, the summation in Eq.(|3]) is lim- 
ited to [k/2] and the resulting central charge is that of 
the M(2,2 + k) minimal Virasoro model and not of the 
SU(2)k WZW models. Using the dilogarithm identities 
found by Kirilov [17], we then find c = 1 + We 
have hence obtained both the known quantum dimen- 
sions and the central charge of the Zk parafermion FQH 
states without using CFT but making use of partition 
counting and the generalized Pauli principle. 

We now turn to the derivation of the thermal Hall 
coefficient for the FQH states (Jacks) described by the 
(fc,r) = (fc,3) generalized Pauli principle. The gener- 
ating function (equivalent of Eq.(pQ)) for the number of 
partitions A$ — A^+fc > 3 of N parts with ^f =1 K = D 
has been obtained using the theory of jagged partitions 
[lit 0- After some algebra, we find the same partition 
function as in Eq.([2]) but with ground-state energy 3^ 
and the matrix B 



Bij = 2 min(i, j) + max(0, i + j-k)--i-j (5) 

where z,j = l...k—l. Then c takes the same form as in 
Eq.(j3]) but with the d^s satisfying a modified recursion: 



d i Jd 2 i -l = d i+ id i - 1 ] d = 1, d k+i =dk 



(6) 



for i = 0...| (since r = 3 and k + 1, r — 1 are coprime in 
the Jacks, it follows that k is even; however, everything 
below is also valid for k odd, with | — > [|]). The quan- 
tum dimensions d{ in relation Eq.© are the zeroes of a 
set of polynomials that generalize the Chebyshev poly- 
nomials found in the case (fc,r) = (fc,2). However, we 
find that these polynomials cannot (unlike Chebyshev's) 
be obtained as the limit of any Jacobi polynomials, and 
hence conjecture that they are new, and that they define 
a new set of dilogarithm identities. Further study of their 
properties is necessary. By explicitly computing the sum 
over dilogarithms, we find that the edge specific heat for 
the FQH states (Jacks) at (fc,r) = (fc,3) is: 



k-l 



3(fc- 1) 
k + 3 
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Finally, we turn to the derivation of the thermal Hall 
coefficient for the FQH states (Jacks) described by the 
(fc,r) = (2, r) generalized Pauli principle. Since k = 2, 
they are all paired states. The r = 2 state is the Pfaffian 
state and the r = 3 state is the new Gaffnian state [4, 
The generating function (equivalent of Eq.([T])) for 
the number of (2,r) partitions A^ — A^ + 2 > r has been 
obtained using the theory of jagged partitions [2lj |. 
After some algebra, we find a ground-state energy r^- 
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(fc,r) = (2,r) 



FIG. 1: Left: FQH problem on a disc has the electron prop- 
agator on the edge depending on the chord angle through a 
power-law. The occupation number of the angular momen- 
tum orbitals is then an imprint of the state which gives the 
electron scaling exponent g e . Upper Right: The thermal Hall 
coefficient (edge specific heat) can be determined by count- 
ing the number of particle-hole excitations above the Fermi 
sea on the edge. Lower Right: Plot of the specific heat for 
(k,r) = (2,r) FQH Jack state. We find c = Other cases 
were treated analytically in the text. 



and a matrix B^ : 

B i:j = (s- ^,i^,i + (s + l-max(z, S%il ~^ S ^ 1 ) 

Although we were not able in this case to find a par- 
ticularly elegant analytic form for the recursion relation 
satisfied by the c^'s, we have solved the equations nu- 
merically (and analytically for small values of r), and we 
find (see FigpQ), for r — 1 not divisible by k + 1 = 3, that 
c = We are now in a position to form a strong con- 
jecture. We have analytically found that c = 1 + 2 ^+2* 
for (fc,r) = (fe,2), c = 1 + f| for (fc,r) = (fc,3), 

c = 1+ 2+7 for r ) = ( 2 ' r )' and C = 1 for r ) = ( 1 ' r )' 

the latter ones representing the v = - Laughlin states. 
We hence conjecture that the thermal Hall coefficient for 
the FQH states (Jacks) described by the (fc,r) general- 
ized Pauli principle is: 



r(k - 1) 
k + r 
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We now numerically compute the electron propagator 
exponent g e on the edge of the (fc,r) FQH state. Fol- 
lowing Wen [22[ , we let the equal-time propagator expo- 
nent for the electron on the edge (radius R = ^/2rN/k) 
of the N particle FQH droplet be G(<j>) ~ exp(z(7V$ + 
g e /2)(j))/ sin((/>/2)^ e . (j) is the arc angle and N<& is the 
number of magnetic fluxes. The Fourier transform of this 
gives the occupation number til of orbitals with angular 
momentum L: 
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for L < and til = for L > N^. For fermions, 
g e = 1 and one obtains the occupation of a zero tem- 
perature Fermi sea, whereas for g e > 1, as is the case 
for FQH states, we obtain the well known Luttinger 
Liquid behavior ul ~ (N^ — L) 9e ~ x . Since the con- 
stant of proportionality in front is the same, we can 
compute the ratios: njsf, : un^-i ' ^iv -2---- These 
patterns of integers then give the imprint of the state 
(see Fig.pQ). It follows that un^-i ' ^at = g e and 
' ^at = g e (9e + l)/2. We numerically compute 
til = J d 2 z J d 2 z f (j)L(z)*n(z, z f )cj)L(z f ) where n(z,z') is 
the one-body density matrix for the FQH in considera- 
tion, and <Pl(z) are the single-particle LL orbitals. For 
(fc, r) = (1,2) Laughlin state for N = 7 particles we find 
1. : 2. : 2.880271139 which is close to the thermodynamic 
limit ratio of 1 : 2 : 3. For (fc,r) = (1,4) Laughlin state 
for N = 6 particles we find 1 : 4 : 9.480108534 which 
is close to the expected 1 : 4 : 10. From these we in- 
fer that g e = r for the v = 1/r Laughlin states, thereby 
reproducing a well-known result obtained by Wen [221 ]. 
For (fc,r) = (2,2) Read-Moore for N = 10 particles we 
find 1 : 2.211521156 : 3.435931591 for TV = 10 particles, 
which is close to 1 : 2 : 3 (g e = 2). For (fc, r) = (4, 3) and 
N = 12 particles we find 1 : 3.079004031 : 6.247432130, 
which is close to 1 : 3 : 6 (g e = 3). For (fc, r) = (3, 4) and 
N = 9 particles we find 1 : 3.933251112 : 8.424840830, 
which is close to a thermodynamic limit of 1 : 4 : 10 
(g e = 4). We have performed a series of numerical evalu- 
ations from which we see our data is consistent with the 
value 

9e = r (10) 

in the (fc,r) sequence. We later show that this is also 
supported by the clustering conditions of the Jack poly- 
nomials. 

We now turn to the quasihole exponent g q h. The non- 
Abelian, fractionalized quasihole Green's function scales 
as G(x,t) ~ l/(x — vt) 9qh , where g q h is usually less than 
unity. As we later prove, most of the FQH Jack poly- 
nomials are related to non-unitary CFT's, which have 
unphysical negative quasihole exponents g q h < 0. Our 
aim is hence not to compute the exact value of g q h : but 
to prove that it is well defined and positive. In partic- 
ular, we want to compute the equal time non-Abelian 
quasihole propagator on the edge of the Af-particle (fc, r) 
FQH state R = v / 2rN/k using the quantum mechanical 
measure on the disk djii = exp(— \zi\ 2 /2)d 2 Zi'. 



G qh (R,Re^) 



1( r } , J rijli djij^ (R; z\..ZN)il)(Re l<t> \ zi..zn) 



I YliLi dfjLiil)*(Ri z 1 ..z N )ip(R; zi..z N ) 



where ip(w] z±..zn) is the wavefunction for the pinned 
non-Abelian quasihole at position w. The physical op- 
eration we can perform on a FQH ground-state is the 
addition of one unit of flux, which corresponds, in this 
case, to the addition of k charge - quasiholes, which then 



further fractionalize and become distinct. We then take 
k — 1 quasiholes to the origin (in the disk geometry) and 
the /c'th non-Abelian quasihole at w (see Fig [2]). This 
fractionalized quasihole wavefunction i)){w\z\..zn) is de- 
fined by the following clustering property: 



^(w;z u ...,z N )\ Zl= 







(11) 



which destroys the wavefunction if k particles reach 
the fractionalized quasihole w. A further condition 
ip(w; zi, zn) \ Zl =z 2 =o = pins k — 1 quasiholes at the 
origin. A nice expression for ip(w m , z\..Zn) is currently 
known only for the case of the Laughlin and Read-Moore 
states. For the Laughlin v = £ case, the 1-quasihole 
wavefunction reads: 



N 



N 



N 



= Y[(zi - w) Y[(zi - Zj) r = ^2(-wyPi(z u Z N ) 

2=1 i<j 2=0 

where the second expression is the coherent state rep- 
resentation of the pinned quasihole wavefunction, with 
Pi{z\, ...,z N ) = m 1 i(z 1 , ...,z N ) Ud^jizi-ZjY, and rap is 
the monomial symmetric function. We found the general- 
ization of the above expression to all non-Abelian states. 
We begin by defining the following Jack polynomials in 
electron coordinates (we use the "monic" Jack normal- 
ization, where the coefficient of the monomial of root 
partition in the Jacks is always unity): 



|0) = 

11) = 

|2) = 
13} = 



J 0k0 r - 1 k0 r - 1 k...0 r - 1 k0 r 
jQt(k,r) 

J lk-10 r - 1 k0 r - 1 k...0 r - 1 k0 r - 1 k 
jCt(k,r) 

J lk-10 r - 2 lk-10 r - 1 k...0 r - 1 k0 r - 1 k 

a(k,r) 

lk-10 r — 2 lk-10 r - 2 lk-1...0 r - 1 kO r - 1 k 



a(k,r) 



1^ - 1) ~ 

I k I t7 l/c0^- 2 l/c-10^- 2 lfc-1...0^- 2 l/c-10^- 1 /c 

\N_\ _ jOc(k,r) 

I k I ty lfe-10 r - 2 lfe-10 r - 2 lfe-1...0 r - 2 lfe-10^- 2 lfe-l 

(12) 

We then find the wavefunction for k — 1 quasiholes at the 
origin, 1-non-Abelian quasihole at position w: 



i/>(w\zi, ...,zn) 
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2 = 



(-!)' 



(13) 



For k = 1 this reduces to the Laughlin case, as the poly- 
nomials Pi{z\, Zfi) are identical to the Jacks \i) in 
Eq.(0 for (fe,r) = (l,r). We find that the Jacks in 
Eq. ([T2]) are related by the angular momentum operator 



L- = N^l 1 z i -^ 1 zfd/dz i : 
After some algebra we obtain: 



N 



(14) 



L ip(w;zi..z N ) = (w 2 -^-^w)ip(w;zi..z N ) (15) 
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FIG. 2: Finite-size quasihole propagator as a function of 
the arc distance on the edge of the FQH state. We place 
k — 1 quasiholes at the origin in a disk geometry and leave 
one fractionalized quasihole at position w. We then plot 
the quasihole propagators for the Laughlin, Read-Moore and 
Read-Rezayi states (k,r) = (1, 2), (1, 4), (2, 2), (3, 2), which 
are all described by unitary CFT's. In addition, we plot the 
quasihole propagator for the Gaffnian state (fc, r) = (2, 3) 
which is described by a non-unitary CFT. We find that the 
(k,r) = (2,3) state has an propagator exponent that seems to 
be bound by the exponents of the Read-Rezayi and Moore- 
Read states | < g q h < jq 

Hence, when written as a coherent state representa- 
tion of Jacks, the non-Abelian quasihole wavefunction 
takes an identical form for all non-Abelian states. Us- 
ing this wavefunction, we have numerically computed the 
quasihole propagator at the edge R of the FQH droplet 
\G qh (R,Re i(l> )\ which we plot in Fig.0. We see that the 
propagator for the state (fc,r) = (2,3), which we pick as 
an example of a state described by a non-unitary CFT, 
does not differ, qualitatively, from the propagators of 
states described by unitary CFTs: it is well behaved, 
and falls off with the arc distance </>, properties which we 
have verified are shared by all other Jacks. This is in 
contrast to what the FQH-CFT connection predicts for 
non-unitary CFTs: a quasihole exponent which grows 
with the arc distance. 

We now obtain the electron propagator by assuming 
that our wavefunctions can be written as correlators of 
primary fields in a CFT. Let the electron propagator 
be ip e (z) — Tpi( z ) exp(za0(z)), with a an unknown bo- 
son compactification radius. Any FQH wavefunction, 
be it the ground-state or the quasihole excitations, must 
be single-valued in electron coordinates. The clustering 
property of the (fc,r) Jack polynomials gives, for {z} = 
{zi, . . .,z N }, 

N 

Jtoil r) ({z},Z,...,Z) = HiZ-ZiYJZSfaaz}), (16) 

i=l 

where on the RHS, Z{ = Z for i = N + 1, . . . , N + fc, and 
n(A°(fc,r)) = kO r ~ 1 kO r ~ 1 k..kO r ~ 1 k, the ground-state oc- 
cupation number. Clustering electrons together is equiv- 



alent to fusing in the language of CFT, so Eq. ([T6|) ex- 
presses the fusion of k electron operators at the point 
Z which then fuse with the remaining electrons at 
points zi,...,zn- The overall Laughlin factor in Eq. ([T6|) 
arises from the clustering of the bosonic vertex opera- 
tors exp(za0(z)). To perform the fusion of electron fields 
around Z, let zjv+j = Z + e exp(27rij / k) for j = l...k. It 
takes a trivial calculation to see that a CFT correlator of 
such field, is equal, up to a constant phase to: 

lim e ^ (rL=i M z i) Uf=i ^e(z N+j )) = 

x YltiiZ - *)*« a ^^Oljli M^f(Z)) (17) 

where A^ is the scaling dimension of the electron field 
ipi and ^f(Z) is the resulting field out of the fusion of 
k electron fields. By comparing Eq.([TT]) with our Jack 
polynomial clustering Eq. ([T6]h we find that, if we as- 
sume our wavefunctions are described by CFT correla- 
tors, iJjf(Z) — 1 (hence the CFT must have Zk symme- 
try, where k fields fuse to the identity), ka 2 = r and 
kA^ = a 2 k(k- l)/2. Then A^ = The electron 

propagator exponent is then 2A^ 1 + a 2 — r, in accor- 
dance to what we have found from our numerical studies. 
From the clustering properties of the Jack polynomials 
and the quasihole wavefunctions (several other quasihole 
wavefunctions, for different N sectors are needed), we can 
find the all the fusion rules of all the fields, as well as the 
scaling dimensions of the Abelian, electron operators [23| . 
For example, the ground-state Jack polynomial where we 
fuse n (< k) electrons together at the origin, by taking 
Zj = eexp(27rr//n), j = 0...n and then e — > becomes 

lim e _>o ^ kor—i ]^Qr-i / c .../ c o r_1 fc ^ 1' - "Zn-i Zn+li ■•■? %N ) — 

J k-n^- 1 kQ-- 1 k...kQ-- 1 k^ Zn + 1 ^ ---i z n)- As the right hand 
side does not depend on e, the n fields ipi have fused 
into a ip n field with scaling dimension A n which is ob- 
tained by cancelling the dependence on e: the fusion of 
the ipi fields into the ifj n gives a factor of i/ e nA i- A ™ 
while the U(l) bosonic factors ex.p(ia<j)(z)) give a factor 
nr<i=i(^ — z j)° t ^ ^(.n- 1 ) - / 2 . The denominator must 
cancel the numerator and we obtain A n = nr(k — n)/2k. 

Similar methods allow for the fusion rules and the U(l) 
charges (boson compactification radiuses) of the quasi- 
hole excitations. Let the fractionalized quasihole opera- 
tor be tjjqh(z) = cf\{z) exp(i/3(j)(z)). From the expression 
of our fractionalized quasihole, Eq. ([T2]) . when fusing the 
remaining quasihole at the origin w — » 0, the boson cor- 
relator of the k quasihole fields at the origin fused with 
N electron fields gives 

n£Li zf a . As only the |0) state 
remains in Eq. ([T2]h which is Y\ i=1 Zi times the A^-electron 
ground-state, it is immediate that /3 = l/(ka) = 1/y/kr. 
The fusion rules, however, are more complicated be- 
cause the polynomial form of our wavefunction knows 
only about expectation values of CFT correlators. As 
such, the full fusion rules can be obtained only when the 
quasihole wavefunctions are known in the sectors with 
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different fermionic number (for our (fc, r) states, there 
can be k fermionic sectors, which are characterized by 
TV, iV — l,...,iV — fc+1 divisible by k). We found that the 
quasihole wavefunctions in different fermionic sectors can 
also be obtained as coherent state representations of Jack 
polynomials. We reserve this and the fusion rules that the 
quasihole excitations obey for a future publication j23[. 
The only quantities that cannot be obtained from the 
polynomial form of the wavefunctions are the quasihole 
scaling dimensions. The reason for this is that, since the 
wavefunction in Eq. ([T3]) needs to be single- valued only in 
the electron coordinates, we can multiply our quasihole 
wavefunction by any overall function that depends only 
on the quasihole coordinates to obtain another perfectly 
acceptable un-normalized wavefunction with the same 
physics. To compute the quasihole scaling dimension, 
one needs to compute the quantum-mechanical norm of 
the Jack polynomials (this would also allow for an exact 
computation of braiding matrices). We have done this 
in the Laughlin case exactly [23[ , but so far we have not 
been able to generalize it to non-Abelian states. 

The results above strongly support the conjecture, first 
presented in [8[ that the Jack polynomials are the corre- 
lation functions of Wk(k + 1, k + r) models (these are 
generalizations of the Z^ parafermions, see appendix of 
[2[). The thermal Hall coefficient we found from parti- 
tion counting is equivalent to the effective central charge 
of the Wk(k + 1, k + r) models. The same is true for the 
electron propagator, electron scaling dimension, and the 
fusion rules. For r > 3, the W algebras are non-unitary, 
and the quasihole field has negative scaling dimension. 
Using the CFT scalar product to compute quasihole 
propagators, they blow up with the arc-distance, cer- 
tainly an unphysical feature. However, if we compute 
the quasihole exponent with the quantum mechanical 
scalar product we find it is perfectly well-defined and pos- 
itive. Hence the CFT-FQH correspondence breaks down 
for non-unitary CFT's and other methods are needed 
for computing quasihole correlators. We conjecture that 
non-unitary CFT's have an "effective" positive scaling 
dimension (it is known that they have an effective cen- 
tral charge which is different from the sometimes nega- 
tive central charge). It is certainly true that the neg- 
ative power of the quasihole correlator is a sickness of 



the negative scalar product of the non-unitary CFT - we 
can also obtain negative scaling dimensions if we use an- 
other non-unitary scalar product for Jack polynomials, 
the combinatoric one 
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